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$m$ $(m>1)$ $p(\xi)\in C^{1}(\mathbb{R}^{n})\cap C^{\infty}(\mathbb{R}^{n}\backslash \{0\})$
$\xi\neq 0$ $\nabla p(\xi)\neq 0$ :
$D_{t}u-p(D_{x})u=f(t, x)$ in $\mathbb{R}^{1+n}$ , (1.1)
$u(0, x)=\phi(x)$ in $\mathbb{R}^{n}$ . (1.2)
$u(t, x)$ $\mathbb{R}^{1+n}$ $f\in L_{1oc}^{1}(\mathbb{R};L^{2}(\mathbb{R}^{n})),$ $\phi\in L^{2}(\mathbb{R}^{n})$
$i=\sqrt{-1},$ $\partial_{t}=\partial/\partial t,$ $D_{t}=-i\partial_{t},$ $p(D_{x})=\mathcal{F}^{-1}p(\xi)\mathcal{F}$ .
$\mathcal{F}$ $\mathcal{F}v(\xi)=(2\pi)^{-n/2}\int_{R^{n}}e^{-ix\cdot\xi}v(x)dx$ Fourier
$p(\xi)=|\xi|^{2}$ $p(D_{x})=-\Delta$ Schr\"odinger
$p(\xi)$ $(1.1)-(1.2)$ $L^{2}$ -
$u\in C(\mathbb{R};L^{2}(\mathbb{R}^{n}))$ Fourier
$u(t, x)=e^{itp(D_{x})}\phi(x)+iGf(t, x)$ ,
$e^{itp(D_{x})} \phi(x)=(2\pi)^{-n}\int_{R^{2}}$. $e^{i(x-y)\xi}e^{itp(\xi)}u(y)dyd\xi$ ,
$Gf(t, x)= \int_{0}^{t}e^{i(t-s)p(D_{x})}f(s, x)ds$ .
$(1.1)-(1.2)$ $p(\xi)$
Hamilton $\exp(tH_{p})(x, \xi)=(x+t\nabla p(\xi), \xi)$
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$\pi$ : $T^{*}\mathbb{R}^{n}\ni(x, \xi)\mapsto x\in \mathbb{R}^{n}$
$\nabla p(\xi)\neq 0(\xi\neq 0)$ $(x, \xi)\in \mathbb{R}^{n}\cross(\mathbb{R}^{n}\backslash \{0\})$
$|\pi$ oexp $(tH_{p})(x, \xi)|=|x+t\nabla p(\xi)|arrow\infty$ as $|t|arrow\infty$
$\nabla p(\xi)$ $|\nabla p(\xi)|\geq c|\xi|^{(m-1)}(\xi\neq 0)$
$m>1$
Schr\"odinger
1.1. Type-I: $n\geq 2,$ $\delta>1/2$
$\Vert\{x\}^{-\delta}|D_{x}|^{1/2}e^{-it\Delta}\phi\Vert_{L^{2}(R^{1+n})}\leq C||\phi\Vert_{L^{2}(R^{n})}$, (1.3)
$\Vert\{x\rangle^{-\delta}|D_{x}|\int_{0}^{t}e^{-i(t-s)\Delta}f(s, \cdot)ds\Vert_{L^{2}(R^{1+n})}\leq C\Vert(x\}^{\delta}f\Vert_{L^{2}(R^{1+n})}.$ (1.4)
Type-II: $n\geq 3,$ $\delta=1$
$\Vert\{x\}^{-\delta}\{D_{x}\rangle^{1/2}e^{-it\Delta}\phi\Vert_{L^{2}(R^{1+n})}\leq C||\phi\Vert_{L^{2}(R^{n})}$ , (1.5)
$\Vert\langle x\rangle^{-\delta}\{D_{x}\}\int_{0}^{t}e^{-i(t-s)\Delta}f(s, \cdot)ds\Vert_{L^{2}(R^{1+n}})\leq C\Vert\langle x\rangle^{\delta}f\Vert_{L^{2}(R^{1+n})}$ . (1.6)
$\langle x\rangle=(1+|x|^{2})^{1/2},$ $s\in \mathbb{R}$ $\{D_{x}\rangle^{s}=\mathcal{F}^{-1}\{\xi\}^{s}\mathcal{F}$
Ben-A zi-Klainerman [2], Kato-Yajima [18]
Euclid (13) (14) $|D_{x}|$ $D_{x}$





Type-I Chihara [61 $m$ $(m>1)$ Fourier
Chihara[7] $m$ $(m>1)$ Fourier
Type-I Type-II
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L2 ([7, Theorem 1]). $n\geq 2$ $p(\xi)\in C^{\infty}(\mathbb{R}^{n}\backslash \{0\})\cap C^{1}(\mathbb{R}^{n})$ $m$
Type-I: $m>1,$ $\delta>1/2$
$||\langle x\rangle^{-\delta}|D_{x}|^{(m-1)/2}e^{itp(D_{x})}\phi\Vert_{L^{2}(R^{1+n})}\leq C\Vert\phi\Vert_{L^{2}(R^{n})}$ ,
$\Vert\langle x\rangle^{-\delta}|D_{x}|^{(m-1)}\int_{0}^{t}e^{i(t-s)p(D_{x})}f(s, \cdot)ds\Vert_{L^{2}(R^{1+n}}$ $\leq C\Vert\langle x\}^{\delta}$fll $L^{2}(R^{1+n})$ .
Type-II: $1<m<n$
$\Vert\{x\rangle^{-m/2}\{D_{x}\}^{(m-1)/2}e^{itp(D_{x})}\phi\Vert_{L^{2}(R^{1+n})}\leq C\Vert\phi\Vert_{L^{2}(R^{n})}$ ,
$\Vert\langle x\}^{-m/2}\{D_{x}\}^{(m-1)}\int_{0}^{t}e^{i(t-s)p(D_{x})}f(s, \cdot)ds\Vert_{L^{2}(R^{1+n})}\leq C\Vert\{x\rangle^{m/2}f\Vert_{L^{2}(R^{1+n})}$ .
12
1.3([7, Theorem 2]). $n\geq 2$ $p(\xi)\in C^{\infty}(\mathbb{R}^{n}\backslash \{0\})\cap C^{1}(\mathbb{R}^{n})$ $m$
Type-I: $m>1,$ $\delta>1/2$
$\sup_{\zeta\in \mathbb{C}\backslash R}|(|D_{x}|^{m-1}(p(D_{x})-\zeta)^{-1}f,g)_{L^{2}(R^{n})}|\leq C\Vert\langle x\rangle^{\delta}f\Vert_{L^{2}(R^{n})}\Vert\{x\rangle^{\delta}g\Vert_{L^{2}(R^{n})}$. (1.7)
Type-II: $1<m<n$
$\sup_{\zeta\in C\backslash R}|(\langle D_{x}\rangle^{m-1}(p(D_{x})-\zeta)^{-1}f,g)_{L^{2}(R^{n})}|\leq C\Vert\{x\}^{m/2}f\Vert_{L^{2}(R^{n})}\Vert\{x\rangle^{m/2}g\Vert_{L^{2}(R^{n})}$ .
(1.8)
Type-I (17) $m$









14([19]). $(M, g)=(\mathbb{R}^{3}, g)$ 3
Riemam $\Delta_{M}$
$M$ Laplace-Beltrami $\nabla_{g}$ $M$
$\sigma>0$
$\Vert\langle x)^{-1/2-\sigma}\nabla_{g}e^{-\frac{t}{2}\Delta_{M}}\phi\Vert_{L^{2}(R\cross M)}+\Vert\{x\rangle^{-3/2-\sigma}e^{-\frac{t}{2}\Delta_{M}}\phi\Vert_{L^{2}(R\cross M)}\leq C\Vert\phi\Vert_{\dot{H}^{1/2}(M)}$.








) Riemam ( [3],






( 3 ). $X=G/K$
$G$ Lie
$K$ $G$ $dx$ $X$ Riemann $\Delta_{X}$ $X$
Laplace-Beltrami $L^{2}(X)=L^{2}(X, dx)$ Riemam $dx$
Hilbert $d:X\cross Xarrow[0, \infty)$
$X$ Riemann “ ” $0\in X$ $0=eK$ $|x|=d(x, 0)$ ,
$\{x\rangle=(1+|x|^{2})^{1/2}$ $n\in N$ $X$ $l\in \mathbb{N}$ $X$
$\nu\in N$ $X$ (pseudo-dimension) $G=K$AN Lie $G$ Iwasawa
Lie $K,$ $A,$ $N$ Lie $e,$ $\alpha,$ $\mathfrak{n}$
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$g\in G$ $g=k(g)\exp(H(g))n(g)$ $k(g)\in K$ ,
$H(g)\in a,$ $n(g)\in N$ $M$ $A$ $K$ $B=K/M$
$db$ 1 $K$- $B$ $X\cross B$ $a$- $A(x, b)$
$A(x, b)=-H(g^{-1}k)(x=g\cdot 0, b=kM)$ $x\in X$ ,
$(\lambda, b)\in a^{*}\cross B$
$-\triangle_{X}e^{(-i\lambda+\rho)(A(x,b))}=(|\lambda|^{2}+|\rho|^{2})e^{(-i\lambda+\rho)(A(x,b))}$.
$\rho\in a^{*}$ Lie
$\{e^{(-i\lambda+\rho}\}_{\lambda,b}$ Laplace-Beltrami $(\lambda, b)\in$
$\alpha^{*}\cross B$ Fourier
(Helgason Fourier transform)
$\mathcal{F}f(\lambda, b)=\int_{X}e^{(-i\lambda+\rho)(A(x,b))}f(x)dx$, $(\lambda, b)\in a^{*}\cross B$ .
$W$ $\alpha^{*}$ Weyl $a^{*}$ $W$- $p(\lambda)$ $p(\lambda)$
Fourier $P$ $P=\mathcal{F}^{-1}\circ p(\lambda)\circ \mathcal{F}$
$p(\lambda)=|\lambda|^{2}$ $P=-\Delta_{x}-|\rho|^{2}$ $| \rho|^{2}=\min\sigma_{ess}(-\triangle_{X})>0$
Fourier $|D|,$ $\langle D\rangle$
$|D|=\sqrt{-\Delta_{X}-|\rho|^{2}}$ $=\mathcal{F}^{-1}\circ|\lambda|\circ \mathcal{F}$ ,
$\langle D\}=\sqrt{-\triangle_{x}-|\rho|^{2}+1}=\mathcal{F}^{-1}\circ\langle\lambda\}\circ \mathcal{F}$.
(i) ( 1 ) 1
4 :
$H^{d}(\mathbb{R}),$ $H^{d}(\mathbb{C}),$ $H^{d}(\mathbb{H}),$ $H^{2}(\mathbb{O})$ .
(ii) ( Hermite ) Hermite
“ ” 6 :4
$I_{m,m^{l}},$ $II_{m},$ $III_{m},$ $IV_{m}$ 2 V, VI.
$D_{t}u-Pu=f(t, x)$ in $\mathbb{R}\cross X$ , (2.1)
$u(0, x)=\phi(x)$ in X. (2.2)
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$P$ $W$- $m$ $(m>1)$ $p(\lambda)\in C_{W}^{\infty}(a^{*}\backslash \{0\})\cap$
$C_{W}^{1}(a^{*})$ Fourier $p(\lambda)=|\lambda|^{2}$
$P=-\Delta_{X}-|\rho|^{2}$ Schr\"odinger
$(2.1)-(2.2)$ Euclid $L^{2}$ -
$u\in C(\mathbb{R};L^{2}(X))$
$u(t, x)=e^{itP}\phi(x)+iGf(t, x)$ ,
$e^{itP} \phi(x)=w^{-1}\int_{a\cross B}e^{(i\lambda+\rho)(A(x,b))}e^{itp(\lambda)}\mathcal{F}\phi(\lambda, b)|c(\lambda)|^{-2}d\lambda db$ ,
$Gf(t, x)= \int_{0}^{t}e^{i(t-s)P}f(s, x)ds$ .
21 (i) $m>1,$ $\delta>1/2$
$\Vert\{x\rangle^{-\delta}|D|^{(m-1)/2}e^{itP}\phi\Vert_{L^{2}(R\cross X)}\leq C\Vert\phi\Vert_{L^{2}(X)}$,
$\Vert\{x\rangle^{-\delta}|D|^{(m-1)}\int_{0}^{t}e^{i(t-s)P}f(s, \cdot)ds\Vert_{L^{2}(R\cross X)}\leq C\Vert\langle x\}^{\delta}$fll $L^{2}(RxX)$ .
(ii) $1<m<\nu,$ $\delta>m/2$
$\Vert\langle x\}^{-\delta}\{D\}^{(m-1)/2}e^{itP}\phi\Vert_{L^{2}(R\cross X)}\leq C\Vert\phi\Vert_{L^{2}(X)}$ , (2.3)




22 (i) $m>1,$ $\delta>1/2$
$\sup_{\zeta\in \mathbb{C}\backslash R}|(|D|^{m-1}(P-\zeta)^{-1}f,g)_{L^{2}(X)}|\leq C||\{x\}^{\delta}f\Vert_{L^{2}(X)}\Vert\{x\}^{\delta}g\Vert_{L^{2}(X)}$ .
(ii) $1<m<\nu,$ $\delta>m/2$
$\sup_{\zeta\in C\backslash R}|(\langle D\}^{m-1}(P-\zeta)^{-1}f,$
$g)_{L^{2}(X)}|\leq C\Vert\{x\}^{\delta}f\Vert_{L^{2}(X)}\Vert\langle x\rangle^{\delta}g\Vert_{L^{2}(X)}$ . (2.5)
$l\geq 2,1<m<l$, (2.5) $\delta=m/2$
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2.1 $Ff$ , $W$- $m$ $(m>1)$ $p(\lambda)\in C_{W}^{\infty}(a^{*}\backslash$




(i) $\nu$ $\nu\geq 3$
(ii) $X$ 1 , $\nu=3$
(iii) $g$ $9c$ , $\nu-n=n-l\geq 1$ , $\nu>n$ .












$g_{0,\zeta}(x)=\{\begin{array}{ll}\frac{ie^{i\sqrt{}\zeta|x|}}{2\sqrt{\zeta}} n=1,\frac{i}{4}H_{0}^{(1)}(\zeta|x|) n=2,\frac{e^{i\sqrt{\zeta}|x|}}{4\pi|x|} n=3.\end{array}$
$n=1$ $n=2$ $x\neq 0,$ $\zeta=re^{i\theta}(0<\theta<2\pi)$






$g_{\zeta}(r)=c(- \frac{1}{\sinh r}\frac{\partial}{\partial r})^{\frac{d-1}{2}}(\frac{ie^{i\sqrt{}\zeta r}}{2\sqrt{\zeta}}I\cdot$
, $d$
$g_{\zeta}(r)=c \int_{r}^{\infty}\frac{1}{\sqrt{\cosh s-\cosh r}}(-\frac{\partial}{\partial s})(-\frac{1}{\sinh s}\frac{\partial}{\partial s})^{\frac{d}{2}1}$ ( )ds.
2 $H^{2}(\mathbb{R})$
$g_{\zeta}(r)= \frac{c}{2}\int_{r}^{\infty}\frac{1}{\sqrt{\cosh s-\cosh r}}e^{i\sqrt{\zeta}s}ds$ .
$\zeta=0$




Helgason [121, [13], [14] ). $X=G/K$
$\theta\in$ Aut( ) Cartan $g=t\oplus \mathfrak{p}$
Cartan $g$
$\langle X$ , $Y\rangle=-B(X, \theta Y)$ , $X,$ $Y\in g$ . (3.1)
$B$ $g$ Killing $X$ $0=eK$
$\mathfrak{p}$ (3.1) $X=G/K$ $G$-
Riemann $a$ $\mathfrak{p}$ $\alpha^{*}$ $a$ $m$
$a$ $e$ centralizer $\alpha\in a^{*}\backslash \{0\}$
$g$. $=\{X\in g;[H,$ $X]=\alpha(H)X$ for any $H\in a\}$





$a’=\{H\in a;\alpha(H)\neq 0$ for any $\alpha\in\Sigma\}$ .
$a’$ $a^{+}$ $a^{+}$ Weyl chamber $\alpha\in\Sigma\subset a^{*}$
$a^{+}$ $\Sigma^{+}$
$\alpha\in\Sigma^{+}$ , $c$ $c\alpha\in\Sigma^{+}$ $c=2^{-1},1$ , 2
$\Sigma_{0}^{+}=\{\alpha\in\Sigma^{+};2^{-1}\alpha\not\in\Sigma^{+}\}$ $M’$ $A$ $K$
$W=M/M’$ $W$ Weyl $w\in \mathbb{N}$ Weyl
$W$ $H\in\alpha,$ $\lambda\in a^{*},$ $s\in W$ $(s\lambda)(H)=\lambda(s^{-1}\cdot H)$
$g\in G,$ $X\in g$ $g\cdot X=$ Ad$(g)X$ Weyl
$W$ $a^{*}$ Lie $\mathfrak{n}$ $\mathfrak{n}=\oplus_{\alpha\in\Sigma}+g_{\alpha}$
$\rho=\frac{1}{2}\sum_{\alpha\in\Sigma^{+}}m_{\alpha}\alpha$





$|\Sigma_{0}^{+}|$ $\Sigma_{0}^{+}$ Lie $A,$ $N$ $A=\exp a,$ $N=$ exp n
, Lie $G$
$\{\begin{array}{ll}G=KAN (Iwasawa),G=K(\exp a^{+})K (Cartan).\end{array}$
$f\in C_{0}^{\infty}(X)$ Fourier (Helgason
Fourier transform)
$\mathcal{F}f(\lambda, b)=\int_{X}e^{(-i\lambda+\rho)(A(x,b))}f(x)dx$, $(\lambda, b)\in a^{*}\cross B$ .
Helgason Fourier transform Helgason :
(i) (Fourier ) $f\in C_{0}^{\infty}(X)$
$f(x)=w^{-1} \int_{\mathfrak{a}^{*}\cross B}e^{(i\lambda+\rho)(A(x,b))}\mathcal{F}f(\lambda, b)|c(\lambda)|^{-2}d\lambda db$ .
$c(\lambda)$ Harish-Chandra c-
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(ii) (Plancherel ) Fourier $\mathcal{F}$ :
$\mathcal{F}:L^{2}(X)arrow L_{W}^{2}(a^{*}\cross B, w^{-1}|c(\lambda)|^{-2}d\lambda db)$.
$\psi\in L_{W}^{2}(a^{*}\cross B, w^{-1}|c(\lambda)|^{-2}d\lambda db)$ $\psi\in L^{2}(a^{*}\cross B, w^{-1}|c(\lambda)|^{-2}d\lambda db)$
$s\in W$




$\int_{B}e^{(is\lambda+\rho)(A(x,b))}p(s\lambda)\mathcal{F}f(s\lambda, b)db=\int_{B}e^{(i\lambda+\rho)(A(x,b))}p(\lambda)\mathcal{F}f(\lambda, b)db$ .
$p(\lambda)$ Fourier - $P$ $f\in C_{0}^{\infty}(X)$
$Pf(x)=\mathcal{F}^{-1}$ $p(\lambda)\mathcal{F}f](x)$
$=w^{-1}l_{\cross B}e^{(i\lambda+\rho)(A(x,b))}p(\lambda)\mathcal{F}f(\lambda, b)|c(\lambda)|^{-2}d\lambda db$.
Abel $f\in C_{0}^{\infty}(X)$ $f$
Abel $\mathcal{A}f(H, kM)$
$\mathcal{A}f(H, kM)=e^{\rho(H)}\int_{N}f(ke^{H}n\cdot 0)dn$, $(H, kM)\in a\cross B$ .
Abel , Fourier
$\mathcal{F}f(\lambda, b)=le^{-i\lambda(H)}\mathcal{A}f(H, b)dH$.
Fourier Abel $a$ Euclid Fourier
Fourier Euclid $a$
, Fourier $P$ :
$\mathcal{F}[Pf](\lambda, b)=\mathcal{F}_{a}|p(D_{H})\mathcal{A}f(\cdot, b)](\lambda)$ .







$A:L^{2,\delta}(X)arrow J^{-1}L^{2,\delta}(a\cross B)$ .
$J=c^{-1}(D_{H})$ $c^{-1}(\lambda)$ $a$ Fourier
$L^{2,\delta}(X)=\{x)^{-\delta}L^{2}(X),$ $L^{2,\delta}(a\cross B)=\{H\}^{-\delta}L^{2}(a\cross B, dxdb)$
$c^{-1}(\lambda)$ $a^{*}$ (Weyl wall ) $\bigcup_{\alpha\in\Sigma^{+}}KerA_{\alpha}$
$A_{\alpha}(\lambda)=\{\alpha, \lambda\}(\alpha\in\Sigma, \lambda\in a^{*})$ Abel
$a$
42. $a^{*}$ $q(\lambda),$ $e(\lambda),$ $e_{0}(\lambda)$
$q(\lambda)=c_{0}^{-1}\Pi_{\alpha\in\Sigma_{0}^{+}}\langle i\lambda,$ $\alpha_{0}\rangle$ ,
$e(\lambda)=c^{-1}(\lambda)/q(\lambda)$ ,
$e_{0}(\lambda)=\Pi_{\alpha\in\Sigma_{0}^{+}}(1+\{\lambda,$ $\alpha_{0}\rangle^{2})^{(m_{\alpha}+m_{2\alpha}-2)/4}$ .
$c^{-1}(\lambda)=q(\lambda)e(\lambda)$ $e^{\pm}(\lambda)\in S(e_{0}^{\pm}(\lambda);\langle H\rangle^{-2}|dH|^{2}+|d\lambda|^{2})$ . $c_{0}$
$\alpha\in\Sigma$ $\alpha_{0}=\alpha/|\alpha|$
$S(m, g)$ [16]
$c^{-1}(\lambda)$ $q(\lambda)$ “ ” $e(\lambda)$




Abel $L^{2}$- Euclid Fourier
: $\delta_{1},$ $\delta_{2}\geq 0$ $W$-
$p(\lambda)$








$\Vert\{x\}^{-\delta_{1}}Pf\Vert_{L^{2}(X)}\leq C\Vert\langle H\}^{-\delta_{1}}p(D_{H})J\mathcal{A}f\Vert_{L^{2}(\alpha\cross B)}$ .
Euclid (4.1) Abel $L^{2}$-




: $a(\lambda)\in C_{W}^{\infty}(a^{*}\backslash \{0\})$ 1 $X$ “ ” $a^{*}\cross B$
$a(\lambda)$ $\Sigma(\tau)(\tau>0)$
$\Sigma(\tau)=\{(\lambda, b)\in a^{*}\cross B;a(\lambda)=\tau\}$ .
$\Sigma(\tau)$ $w^{-1}|c(\lambda)|^{-2}d\lambda db$
1 $w^{-1}|c(\lambda)|^{-2}d\delta_{|\lambda|=\tau}db$ ( $d\delta_{|\lambda|=\tau}$ 2 $\{|\lambda|=\tau\}$
Dirac ) Chihra [71 Euclid Fourier
43 (i) $\theta>0$
$\Vert \mathcal{F}f\Vert_{L^{2}(\Sigma(\tau))}\leq C\Vert\langle x\}^{1/2+\theta}f\Vert_{L^{2}(X)}$ .
(ii) $l=1$ $l\geq 3$ $0<\theta<1,$ $l=2$ $0<\theta<1/2$
$\Vert s(\tau, \cdot)\mathcal{F}f(\tau\cdot, \cdot)-s(\sigma, \cdot)\mathcal{F}f(\sigma\cdot, \cdot)\Vert_{L^{2}(\Sigma(1))}\leq C|\tau-\sigma|^{\theta}\Vert\{x\}^{1/2+\theta}f\Vert_{L^{2}(X)}$ .
$\tau>0,$ $\lambda\in a^{*}$ $s(\tau, \lambda)=\tau^{(l-1)/2}c^{-1}(\tau\lambda)/c^{-1}(\lambda)$




4.4 ([24, Theorem $B^{*}]$). $0<\alpha<n,$ $\beta<n/2,$ $\gamma<n/2$ $\alpha=\beta+\gamma$
:
$\Vert|x|^{-\beta}|D_{x}|^{-\alpha}|x|^{-\gamma}f\Vert_{L^{2}(R^{n})}\leq C\Vert f\Vert_{L^{2}(R^{n})}$ .
4.5. $0< \alpha<n/2+\min\{0, \alpha, \beta\},$ $\beta+\gamma\geq\alpha$ :
$\Vert\{x\rangle^{-\beta}|D_{x}|^{-\alpha}\{x\rangle^{-\gamma}f\Vert_{L^{2}(R^{n})}\leq C\Vert f\Vert_{L^{2}(R^{n})}$ .
12, 13 Type-II
Fourier
46. $0< \sigma<\nu/2+\min\{0, \delta, \delta’\},$ $\delta+\delta’>\sigma$
:




Euclid Young $L^{2}(\mathbb{R}^{n})*L^{2}(\mathbb{R}^{n})\subset L^{\infty}(\mathbb{R}^{n})$
H\"older $L^{\infty}(\mathbb{R}^{n})\subset L^{2,-\delta}(\mathbb{R}^{n})(\delta>n/2)$
$L^{2}(\mathbb{R}^{n})*L^{2}(\mathbb{R}^{n})\subset L^{2,-\delta}(\mathbb{R}^{n})$, $\delta>n/2$ .
Lie $G$ $dg$ $G$ Harr $G$
$u*v(g)= \int_{G}u(g_{1})v(g_{1}^{-1}g)dg(g_{1})$ $u,$ $v\in C_{0}(G)$ .
$X=G/K$
$\cross$
$u\cross v(g\cdot 0)=\tilde{u}*\tilde{v}(g)$ $u,$ $v\in C_{0}(X)$ .
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$u$
$\tilde{u}$ $\tilde{u}(g)=u(g\cdot 0)$ Euclid $H\ddot{o}$lder
$L^{2}(G)*L^{2}(G)\subset L^{\infty}(G),$ $L^{2}(X)\cross L^{2}(X)\subset L^{\infty}(X)$
$\delta>0$ $L^{\infty}(X)\not\subset L^{2,-\delta}(X)$ . Euclid
$L^{2}$ - Lie
4.7 ([15, Theorem 1]). $G$ Lie $w(g)$ $G$
$K$- $\int_{G}\varphi_{0}^{2}(g)w^{-1}(g)dg=1$
$\Vert f_{1}*f_{2}\Vert_{L^{2}(G,w^{-1}dg)}\leq\Vert f_{1}\Vert_{L^{2}(G,dg)}\Vert f_{2}\Vert_{L^{2}(G,dg)}$.
$\varphi_{0}(g)$ $\varphi_{0}(g)=\int_{K}e^{-\rho(H(gk))}dk$ $G$ elementary spherical
Mction
elementary spherical function $\varphi_{0}$ $K$-
$\varphi_{0}(\exp H)\leq C\{\Pi_{\alpha\in\Sigma_{0}^{+}}(1+\langle\alpha, H\})\}e^{-\rho(H)}$
$\leq C\langle H\}^{|\Sigma_{0}^{+}|}e^{-\rho(H)}$ on $\overline{a^{+}}$ . (4.2)
(4.2) 47 $w(g)=\{g\cdot 0\rangle^{2\delta}(\delta>\nu/2)$
48. $\delta>\nu/2$
$\Vert f_{i}\cross f_{2}\Vert_{L^{2,-\delta}(X)}\leq C\Vert f_{1}\Vert_{L^{2}(X)}\Vert f_{2}\Vert_{L^{2}(X)}$ ,
$\Vert f_{1}\cross f_{2}\Vert_{L^{2}(X)}\leq C\Vert f_{1}\Vert_{L^{2,\delta}(X)}\Vert f_{2}\Vert_{L^{2}(X)}$ .
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